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Abstract 
An Investigation is made into the behavior of a crack 
as it approaches a free surface.  Laboratory experiments 
are performed on center crack specimens and the cracks are 
observed to grow away from the line of symmetry in the 
vicinity of the specimen edge.  A numerical analysis is 
carried out using a finite element procedure which employs 
high order isoparametric elements and a singular crack tip 
element.  The results of the analysis show that the general 
location and direction of crack growth can be predicted 
according to the criterion of the Strain Energy Density 
theory of crack propagation. 
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Introduction 
Laboratory experiments involving failure of pre- 
cracked plates are performed to study the material behavior 
when a crack approaches a free surface.  For relatively 
tough materials, two particular observations are of interest 
here.  Examination of the specimen subsequent to failure 
reveals out-of-plane crack growth near the plate surfaces 
(Figure 1).  The crack path is observed to have a unique 
behavior in the vicinity of the plate edge (Figure 2), where 
it again deviates from the symmetry plane.  Both of these 
effects are believed to be due to similar causes and are 
more prevalent in tougher materials.  Their magnitude is 
sensitive to the type of material, geometry (size and 
thickness) and temperature.  This type of crack growth is 
observed in conjunction with large distortions near the 
surface, indicating a close relationship to plastic defor- 
mation. 
Probably the most prevalent example of this behavior 
is in the tensile test of a metal bar, which exhibits a 
"cup and cone" configuration or "shear lips" [1]  at the 
point of failure.  At room temperature, metals show definite 
shear lips, while less tough materials such as polymethyl- 
Bracketed numbers refer to references listed at end of 
work. 
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methacrylate and glass have essentially no deviation from 
the crack plane near the surface.  However, it has been 
observed in bending tests that glass rods "chip" upon fail- 
ure, which is suggestive of crack bifurcation near the 
surface, the same mechanism operating in the tougher mate- 
rials in tension.  Classical failure theories do not provide 
a sound explanation for this near-surface behavior. 
A solution to these problems is of practical engineer- 
ing importance in that predictions of the occurrence and 
degree of chipping or shear zone size can possibly be used 
as a fairly accurate means of classification of materials 
according to their "ductility" or their "brittleness". 
An investigation of specimens with large crack length 
to width ratios is carried out.  Two-dimensional finite 
element computer techniques are used for the stress analy- 
sis.  These numerical results are employed in conjunction 
with the failure criterion of the Strain Energy Density 
theory to predict the direction of crack propagation.  It is 
found that it is possible to predict the existence of crack 
branching near a free surface, and further to estimate the 
general location and direction of the branching. 
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The Finite Element Method 
The finite element method utilizes numerical calcula- 
tions to find the distributions of stresses and strains in 
a structure which contains a crack.  Basically it involves 
dividing the body into a number of finite size elements, in 
which the displacement components are represented in func- 
tional form by displacement shape functions.  The degree of 
complexity of the displacement shape function depends upon 
the type of element chosen and the number of nodes assoc- 
iated with that element.  The simplest type of element is 
the triangle giving a linear displacement field within the 
element, the details of which are determined from displace- 
ment components at nodes coinciding with the corner points. 
In two dimensions, each node has two degrees of freedom 
associated with the global coordinate system.  The main 
advantage of this triangular element, or constant strain 
triangle (CST) is that it has a rather simple mathematical 
formulation with only six degress of freedom.  However, it 
is limited to a very  small size for reasonable accuracy. 
A more complicated element is that of a quadrilateral 
made up of four constant strain triangles (QUAD-4).  This 
element also has linear variation in the displacement 
field, but the computations are simplified since the 
degrees of freedom associated with the middle node are 
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eliminated by static condensation of the stiffness matrix. 
This involves an operation on the matrix such that two rows 
and two columns (for the two degrees of freedom of the 
middle nodes) are reduced to zeros. 
More refined elements can be obtained by including 
additional nodes along the edges of the element and using a 
higher order polynomial expression for the displacement 
field.  The finite element program used in this study em- 
ploys twelve-node "isoparametric" elements, with four nodes 
on each side (including corner nodes) and cubic variation of 
the displacement field [2].  This formulation involves the 
use of a mapping function, the displacement shape function, 
to transform the element into a coordinate system in which 
the element stiffness matrix, and hence the strain field 
may be easily calculated, since the mapped geometry is rec- 
tangular and the displacement relations are linear.  The 
elements are called "isoparametric" since the same function 
is used to describe both the geometry and the displace- 
ments.  Once the stress and strain fields are calculated in 
the transformed space, the values of these quantities in the 
original coordinate system may be obtained by inverse 
mapping, since there is a one-to-one correspondence of 
points between the two spaces. 
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There are other methods of constructing more refined 
elements, such as using different numbers of nodes on the 
side of a quadrilateral or by considering a polygonal ele- 
ment with a larger number of corner nodes.  Also, different 
functions could describe the geometry and the mapping, as is 
the case in super-parametric and sub-parametric elements. 
Only twelve-node isoparametric elements will be considered 
in this analysis. 
If the displacement shape functions are chosen to 
insure displacement boundary conditions and continuity of 
displacements across element boundaries, then the components 
of the displacement field will be those which minimize the 
potential energy*of the system.  It has been shown by using 
variational principles that minimizing the potential energy 
with respect to the displacement field results in equilib- 
rium equations for a specified set of boundary conditions 
being satisfied.  The potential energy is expressed as 
PE = 
N n 
I     (SED). - / T. u. dS - / F. u. 
i=l     ^       s ^     1     v  1  1 
dV (1) 
where SED is the strain energy per unit volume; / T. u. dS 
n       s 
is the work done by surface fractions, T. ; and 
/ F. u. dV is the work done by body forces, F. ; 
V ' 
u. being the displacement components, and N the number of 
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elements.  The strain energy for an element can be 
expressed in terms of nodal displacements as 
m  m 
SE 
■i  in in
= i r i 
i=l j=l 
k. . u . u . (2) 
where k. . are terms in the element stiffness matrix and m is 
the number of degrees of freedom.  Therefore, neglecting 
body forces, the potential energy is 
1 m  m N  n PE
  = I    I       I     Kii ui ui "  I  Ti ui 
'  i=l j=l  1J  n  1  1=1  n  n
N 
where K.. is the master stiffness matrix, K. . = j    k.. 
for the body and i and j refer to the global numbering 
system (total number of degrees of freedom).  Minimizing 
this expression with respect to u. gives 
(3) 
9_PE _ 
9 U 
m 
I     K-, u. - R, = 0 
L  i=l  1L  n    L 
m 
•r ^   K.L uL = RL 
[K]u = ft (4) 
The resulting system of linear algebraic equations can be 
used to solve for the displacement components, u.. 
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Strains are found from the relation 
t  = [B] S 
where [B] is developed from the mapping functions, or dis- 
placement shape functions, [N], through the use of 
3U, 3U. 3UW    3U. 
3X 3y ' 'xy   dy 3x (5) 
m 
and
 
u
x 
=
 .^ 
Ni uxi ' uy = Jn Ni uyi'  Then 
m 
I 
i = l 
m  aN. 
e
x ~ .£,  9x uxi 
m  3N. 
y     ii-[    ay yi 
xy 
m   aN.      3N. 
L   (~37 ux1 + "17 uyl> i = l 
or 
e = [B] 1 (6) 
[Bl 0 
0 B2 
LB2 Bl J 
in which [B] = 
3N.        3N. 
where Bl, = -^ , B2, - -1 
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The stresses are then found through the stress-strain 
relations 
a  = [D] t (7) 
where [D] is the material properties matrix 
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Specialized Finite Element Procedure 
for Crack Problems 
The linear elasticity solution for the stress, strain, 
and displacement fields in the vicinity of the crack tip is 
known under the conditions of plane stress and plain 
strain [3].  This asymptotic solution for the stresses at 
the crack tip exhibits a 1//F singularity and the corre- 
sponding stress components are given by 
11 
Tr  cos 75- (1 - sin j  sin —5-) 2 TJ
/2T sin I (2 + cos | cos ^|) 
a     = /2r cos ^   (1 + sin TJ sin —«■) 
+ /2r sin 2   cos j  cos -y (8) 
0    for plane stress 
v(a + a   )   for plane strain 
xy 
30 2r sin j  cos j  cos ~J 
fr\ 8/-i •     8     •     O 0 \ 
+   /2r  cos   «-  (1   -   sin TJ sin —5-) 
-J\€- 
where v is Poisson's ratio and the coordinate system is 
shown in Figure 3. 
The displacement components relative to the crack tip 
can also be given in asymptotic form, i.e., 
'x   8G 
1/2T
 [(2K - 1) cos f - cos 2f] 
K i  
+
 ~W^-  [(2K + 3) sin I + sin Hi 
\y   8G 
8G 
L 12 K + i )   sin ~- - sin —yj 
(9) 
"2/2r" r/0    0x „„„ 9 , „^„ 3d-, 
-og— L(2K - 3) cos 2   + cos —«-J 
where
 
G
 
=
 2TTT7T 
is the shear modulus, and 
K = 
3 - 4v for plane strain 
v 7 v for plane stress I + v    r 
The stress-intensity factors, k, and k2> are associated 
with the opening mode (Mode I) and sliding mode (Mode II) of 
crack extension, respectively.  These coefficients are the 
amplitudes of the local stress field around the crack tip 
for each mode. 
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The original applications of the finite element method 
to fracture mechanics problems gave no special consideration 
to the singularity in the stress field solution.  The speci- 
men was typically divided into triangular elements, with a 
very  high element density near the crack tip (Figure 4). 
Experiments have shown that a large number of such elements 
and, therefore, a large number of degrees of freedom are 
needed for reasonable accuracy [4].  The convergence and 
reliability of these solutions is further,; open to question 
since the standard convergence proofs fail in this situa- 
tion.  A major difficulty here is the choice of a node on 
which to calculate the stress-intensity factor using equa- 
tion (9). Mery  near to the crack tip the finite element 
representation of the displacement field is inaccurate, and 
the numerical results in this region are expected to be 
poor.  Further from the crack tip, the one term asymptotic 
expansion given by equation (9) is inaccurate. 
Due to the difficulties in direct application of the 
finite element procedure to imbedded crack problems, as 
mentioned previously, a different approach has been 
developed for elastic calculations considering the singu- 
larity at the crack tip [5].  The procedure utilizes a 
special crack tip element surrounding the singularity in 
which the asymptotic expansion is accurate.  This element, 
or core region, also isolates the conventional finite 
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element method from the crack tip.  The core element is 
taken to be circular with center at the crack tip, and 
equations (8) are assumed to hold within.  It is made 
compatible with the finite element grid through geometric 
and displacement constraints as the nodal points on the 
core-grid interface.  The displacement shape function 
associated with this special element is assumed to be the 
asymptotic crack tip solution.  When using elements with 
straight edges around the core, a sufficient number must be 
used to reduce the effect of .boundary incompatabi1ity.  How- 
ever, there is no difficulty when using isoparametric ele- 
ments, as is the case here, since they may have curved 
boundaries. 
With the addition of the core element, the potential 
energy for the system is 
PE
 
=
 
SEcore + I     (SED)i " /  I  "1 u. dS (10) core i=1    I. s i=1  i  i
N  n 
neglecting body forces, and with /  T T. u. dS and (SED). 
s i=l  n  1 ] 
defined as before in equations (1) and (2). 
To obtain the strain energy of the core element 
(SECQ  ), substitution of the asymptotic stress field solu- 
tion equations (8) is made into the expression for strain 
energy density, given as 
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SED = l 
2
 
2 
\ I I d
   i=l j=l 
a . • e • • 
U  1J 
This substitution results in 
Ekl ? SED = g^ [(3 + 2 cos 8 - cos ce)   -   2v (1 + cos e)] 
2 
+ g— [(3 - 2 cos e + cos 2e) (Ha) 
+ v(2 - 7 cos e - 9 cos Je) 
for the case of plane stress, and 
Ek! 
SED = (1+v) 
CR1 
8Trr [(3 + 2 cos e - cos  e) 
- 4v (1 + cos e)] 
Ekl 
+ 
(1+
^„ 
2
 [(3 - 2 cos e + 3 cos 2e) 
(lib) 
- 4v (1 - cos e)] 
for plane strain and axisymmetric cases.  Integrating over 
the element area gives the strain energy per unit thickness, 
which may then be added to the strain energy of the conven- 
tional elements.  The method then proceeds as before, min- 
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imlzing the potential energy with respect to the uncon- 
strained degrees of freedom, i.e., k-j , k2> u  , u  , u.. 
(u  and u  are the components of the crack tip displace- 
U X        Ojr 
ment).  The resulting set of simultaneous equations may 
then be used to solve for these unknowns. 
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Strain Energy Density Theory 
The Strain Energy Density (SED) concept is a theory of 
fracture proposed by Si h [6,7] based on the energy stored in 
an element near the crack tip reaching a critical value. 
This theory has a definite advantage over the classical 
theories in that it can be applied to all mixed mode crack 
problems as well as to Mode I cases. 
The Griffith theory [8], which assumes propagation 
within the crack plane, predicts a critical value of G 
(available energy due to the presence of a crack) at which 
failure will occur.  Irwin [9] introduced the concept of 
stress-intensity factors, k, , kp, kg associated with the 
three modes of fracture.  Failure is then predicted at a 
critical value of one of these three factors.  These 
classical concepts are based on the energy dissipated in 
extending a segment of the crack surface and apply only to 
cracks loaded symmetrically (Griffith) or restricted to 
only one mode (Irwin). 
The SED criterion assumes that fracture initiation 
occurs at an element near the crack tip in the interior of 
the material.  In a brittle material, local instability of 
the nearest element occurs first and global instability 
follows immediately thereafter.  According to the SED 
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theory, crack initiation occurs in the direction of mini- 
mum strain energy density.  Application of the SED theory 
to predict crack extension requires no knowledge of the 
stress distribution or stored energy associated with the 
extended crack.  (The Griffith theory requires this infor- 
mation) . 
A critical value of the minimum of the strain energy 
density function (S), scr» governs the initiation of crack 
growth in the material.  The direction and magnitude of 
this quantity are found by applying the conditions of min- 
imization: 
9S  n 
ae = ° • 
a2S 
^-y  > 0 at e = en 
99 
(12) 
where e is measured from the crack plane.  Substituting eQ, 
the angle of minimum S or fracture angle, into the expres- 
sion for S gives the minimum value of the strain energy 
density, S .„   Crack initiation is assumed to occur when 
ml n. 
S .  ■> S  , a characteristic of the material under consid- 
eration. 
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The Solution Procedure 
Numerical Analysis 
The basic problem considered in this investigation was 
that of a crack approaching the free surface of a plate 
subjected to Mode I loading conditions.  In many materials, 
there is a unique crack growth behavior in the region near 
the surface, as pointed out previously. 
The finite element program used in the calculations is 
a two-dimensional and axi-symmetric program for elastic 
problems with provisions for fracture applications, prepared 
for the Naval Ship Research and Development Center by , 
Hilton, Gifford, and Lomacky [10].  It employs twelve-node 
isoparametric elements, which are highly refined elements 
and are wery  accurate for their relative size, having a 
definite advantage of convenience over the smaller four- 
node quadrilateral and three-node constant strain triangle 
types.  The program itself is very simple to use, since the 
input data has been greatly simplified and kept to a mini- 
mum.  Much necessary information is generated internally by 
subroutines, such as coordinates of nodes on the core 
element and coordinates of the mid-side nodes of the other 
elements, making it necessary to input only data for corner 
points. 
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The specimen chosen for the finite element calculation 
is a four-inch by two-inch plate of unit thickness, sub- 
jected to a uniformly distributed tensile load (Figure 5). 
The line crack is centered normal to the load direction 
with lengths in the range from 80% to 90% of the plate 
width.  Only one quadrant of the specimen is analyzed with 
appropriate constraints employed bin the lines of symmetry. 
This allows the use of a reasonably fine grid pattern with 
the available computer space.  Two different grid patterns, 
Figure 6, were used in the calculations: one with three 
elements on the half core and a total of fourteen elements 
for the idealization;  the other with four elements on the 
half core and sixteen elements total. 
The choice of the number of elements (fourteen or six- 
teen) is not completely arbitrary.  Prior to the final com- 
puter runs with these specimens, preliminary studies were 
made on a variety of grid patterns and specimen geometries. 
The values for the stress^intensity factors were compared 
with the alternative solutions [11] in order to gain an 
understanding of the grid size and arrangement that are 
suited for a specified loading condition and specimen size. 
For example, calculations were made for a crack length of 
90% of the specimen width using five different grid pat- 
terns, with the number of elements ranging from eleven to 
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to seventeen outside of the core.  The maximum variation in 
the values for stress-intensity factors (Table 1) was about 
8%.  If the data for the eleven element grid pattern is 
excluded from the table, the maximum variation is reduced 
to about 4%.  A comparison of the calculated solutions for 
an 80% crack with the ones from reference [11] is given in 
Table 2.  The maximum deviation is less than 2%, while the 
smaller number of elements is most accurate.  This method 
of grid selection is particularly useful for the investiga- 
tion of very  long cracks, since accurate solutions for the 
stress-intensity factor of a crack longer than 80% of the 
specimen width are not available.  It is assumed for the 
longer cracks that the same grid patterns would also give 
accurate results.  Two different grids were finally used 
for each crack length in order to determine if there were 
significant differences in the results. 
The radius of the core element was taken to be about 
1% of the crack length (0.01 inches) and the ratio of h/r 
(Figure 7) was taken to be seven.  These values for the core 
region variables have been found to yield results in close- 
agreement with known solutions [10]. 
The coordinates of each node and calculated values for 
the nodal displacements (from equation 4) were stored as 
intermediate data to be used in a second program, along 
-20- 
Table 1 - Effect of Grid Pattern on the 
Stress Intensity Factor 
Number of El eme nts Num ber ■ of Nodes a/b K^ 
11 80 0.9 39.70 
13 90 0.9 42.31 
14 98 0.9 41 .54 
16 108 0.9 42.87 
17 112 0.9 41 .79 
Table 2 - Comparison of the Finite Element 
Solution With a Known Solution 
Number of  Number of        „ (Finite    „ 
Elements     Nodes    a/b  N Element)   1(Theoretical) 
11 80     0.8     13.57 13.46 
r 
13 90     0.8     13.68 13.46 
16        108     0.8     13.69 13.46 
Note: K, = k, v-n 
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with the node numbers defining each element and the material 
properties, to calculate the components of the strain energy 
density.  In the second program strains were first found 
from the nodal displacement vector, #, using equation (6), 
and stresses from the stress-strain equations [7]. 
The volume change and distortional components of the 
strain energy density can be determined in terms of the 
stresses as 
dW 
dV 
dW, 
W 
v _ 1-2v 
Sir (ax + °y> 
1+v fl f 
=
 ~2E [6 (a 
(13) 
+ a )2 + 1 (a  _ a   ) 
x   y'    2 x x   y' +  2  T xy 
A polar coordinate system centered at the crack tip was 
set up with a series of circular arcs between the origin and 
the specimen edge to facilitate the examination of the 
strain energy field.  Calculating the stresses at two degree 
intervals along each arc, the components of the strain 
energy density were found using equations (12).  This 
coordinate system works yery  well for elements which are 
completely defined by radial lines and arcs, since the 
transformation of coordinates from the mapped space (where 
the strain energy is calculated) is relatively simple using 
the displacement shape functions.  In other elements, 
special consideration was required to express the strain 
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energy components in terms of rectangular coordinates for 
ease in plotting. 
The strain energy density field is illustrated by 
plotting constant value lines for the total density 
dW _ dWv + dWD 
dV   dV dV 
These contours are shown in Figures 8, 9, and 10.  For each 
crack length, there is a path of local minima directly 
ahead of the crack to about 40-50% of the distance to the 
free surface, after which the value of the function in- 
creases in that plane. 
Predictions of the 
Strain Energy Density Theory 
According to the Strain Energy Density theory [6,7], 
the crack follows the minimum path in the strain energy 
field.  The theory implies that the crack will grow along 
the path such that the slowest rate of increase in the 
energy density (or largest rate of decrease) is encoun- 
tered.  Therefore, the contours in the fields obtained 
here, Figures 8, 9, and 10, suggest that the crack will 
initially grow in its own plane, then branch away from the 
centerline and eventually approach the material boundary. 
23- 
This prediction is analagous to determining the flow of 
water through uneven terrain.  By studying a contour map, 
which shows lines of constant elevation, the path of the 
water can be plotted through an area which is everywhere 
increasing (as is the case when the crack has reached the 
global minimum about halfway to the surface).  The water 
will preferrably move in the direction of slowest increase 
in elevation.  That is, the crack will grow in the direc- 
tion in which the contour lines are spaced farthest from 
each other, as in certain regions seen in Figures 8, 9, and 
10.  The "steepness" of areas where contour lines are close 
together will discourage propagation in those directions, 
such as directly ahead of the crack. 
The contours in Figures 8, 9 and 10 show that the path 
would branch from the crack plane at an angle from 30°-50°, 
find its preferred direction through the strain energy 
field, and eventually approach the free surface.  The pre- 
dicted crack trajectories for each crack length considered 
are illustrated in Figure 11. 
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Experimental Observations 
An experimental program was carried out using specimens 
with the same crack length to width ratios as used in the 
numerical analysis.  The first material tested was poly- 
methylmethacrylate, a polymer frequently used in fracture 
experimentation because of its optical properties and 
brittle behavior at room temperature.  A center crack was 
cut in the plate (thickness = 0.25") using a fine saw, 
then a knife edge was pressed into the material to obtain a 
sharp crack tip. (Figure 12a).  The specimens were then 
loaded to failure at a high loading rate.  Inspection of 
the new crack surface subsequent to failure produced no 
visible deviation of the crack from the plane of symmetry 
near the surface. 
It is believed that the fact that the crack did not 
bifurcate may be a consequence of the brittle behavior 
characteristic of the polymer at room temperature.  To test 
this hypothesis a second material, of more ductile behavior, 
was tested next, i.e., similar specimens (thickness = 0.06") 
were machined from aluminum (2024-T3).  The initial center 
crack was cut with a fine jeweler's saw to about 60% of the 
specimen width, then a fatigue crack was grown to the 
desired length of 80% to 90% of the width.  Subsequent to 
failure by a rapidly applied load, the fracture surface was 
25- 
examined for near surface behavior.  However, due to the 
ductile behavior of the material, the entire thickness of 
the specimen was deformed by shear lips of the plate faces 
and it was not possible to observe edge effects. 
The next step was to increase the specimen thickness 
to width ratio in order to decrease the effect of the plate 
faces.  The thickness was increased to 0.25" and the plate 
dimensions changed to those of Figure 12b.  The same pro- 
cedure was followed for precracking and failure.  Observa- 
tion of the fracture surface showed that there is a defi- 
nite change in the direction of crack propagation as it 
approached the free edge.  The size of this edge "shear lip" 
is about the same order as that of the shear lips through 
the thickness. 
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Discussion of Results 
A realization of the limitations of the two-dimen- 
sional, elastic finite element procedure is very important 
when evaluating the results for physical meaning.  The lack 
of understanding of inaccuracy of numerical results can 
lead to serious consequences in design and fabrication of 
structures.  For example, the prediction of crack growth 
direction due to a local minimum of strain energy density 
in the third or fourth significant figure of those values 
will most likely be in error, since false minima of that 
order are not uncommon in such numerical calculations.  The 
accuracy of the predictions is clearly limited by the 
accuracy of the numerical results, e.g., weak minima may 
be overlooked or false ones obtained. 
In several cases, the results from which Figures 8, 9, 
and 10 were extracted showed more than one minimum for the 
strain energy density as a function of 6 (in the polar 
coordinate system) in the vicinity of the crack tip but 
beyond the core element.  For the center crack specimens 
tested, the strongest or most extreme of these minima 
always appeared directly ahead of the crack tip, in'the 
crack plane.  The Strain Energy Density theory [12] pre- 
dicts crack extension in the direction of the strongest 
minimum.  Using the fluid-surface contour analogy, the 
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crack would behave similarly to the fluid and propagate in 
the direction of the strongest (steepest) decrease - 
directly ahead to the lowest point in the strain energy 
field. 
An important point to be kept in mind with the results 
is that these calculations are based on a two-dimensional 
and elastic analysis of the specimen.  Areas in the body 
that would behave plastically in a "real" material are in- 
dicated only be regions of high distortional strain energy, 
e.g., near the free surface ahead of the crack.  A three- 
dimensional analysis should show similar behavior at the 
two faces of the plate, which would be the shear lips that 
are observed experimentally. Jhe size of these plastic 
zones greatly depends upon the type of material considered, 
so that an elastic analysis as presented here is more 
applicable for some materials than for others.  An elastic- 
plastic finite element analysis is presently being carried 
out at Lehigh University on this same type of crack prob- 
lem.  Results of this investigation are expected in the 
near future. 
A significant result of this investigation is that 
crack branching can be predicted from a static analysis 
of a purely elastic material using the Strain Energy 
Density theory.  There was no consideration of dynamic 
effects, which can produce crack bifurcation (hot 
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necessarily near a free surface) or plasticity effects, 
which can discourage normal crack growth due to a shear lip 
at the surface.  The analysis, in conjunction with the 
Strain Energy Density theory, indicates that there is a 
tendency for branching, apparently due to the interaction 
of the crack with the free surface. 
One factor which indicates that an elastic analysis may 
not be adequate is the distortional component of the strain 
energy density - that part associated with change in shape 
of a material element.  The results of the finite element 
analysis show that there is a region of local maxima of 
this component directly ahead of the crack, beyond the 
bifurcation point near the free edge.  There are similar 
regions of "butterfly-wing" shape on both sides of the 
crack tip, extending normal to it.  The contours of con- 
stant strain energy suggest, therefore, that the crack 
grows straight toward the inelastic region, then branches 
between the two distorted ,areas toward the free edge.  It 
is hoped that an elastic-plastic analysis will confirm the 
crack growth trajectories as predicted from the elastic 
analysis and affirm the hypothesis that crack growth occurs 
in predominantly elastic regions. 
In general, the experimental results support the 
analytical predictions that the crack will branch near the 
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specimen edge.  Figure 13 shows the configuration of the 
fracture surface.  Although there is much distortion at the 
plate edge and on the plate faces, the crack path is dis- 
cernable at midthickness.  The initial crack growth is along 
the plane of symmetry; however, once the crack has grown 
approximately one-half the distance to the specimen edge 
it changes direction and propagates at about 45° from the 
midplane.  Accurate measurements of the crack path would 
have little meaning, since there is such a large amount of 
plasticity present.  The important result is that the 
general behavior is as predicted. 
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Conclusions and Future Work 
The application of the finite element method to 
fracture mechanics problems is an important and necessary 
study.  It enables calculation of accurate solutions for 
stress-intensity factors and stress fields in cracked 
components or specimens over a wide range of boundary 
conditions and geometries.  Over the range for which solu- 
tions to center crack specimens are known, the numerical 
results obtained from finite element analysis as discussed 
here were in close agreement with the known solutions.  It 
is, therefore, reasonable to assume that the finite element 
method is a good procedure for examining crack problems of 
the type studied here. 
On the basis of the Strain Energy Density theory, the 
predicted crack trajectories through the strain energy 
field (Figure 11) appear to branch near a free edge even in 
an elastic material.  This is, in fact, the behavior of a 
crack approaching a free edge as observed in tensile tests 
of "ductile" materials and in dynamic tests of "brittle" 
materials.  Shear lips in metals and chips out of glass 
rods in bending are examples of this phenomenon. 
Other factors which effect crack branching are 
believed to be plastic deformation, rate of crack growth, 
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and variation of the stress field through the thickness. 
Future work on the study of crack branching could be con- 
centrated on determining the importance of these 
influences. 
As mentioned previously, the distribution of the 
distortional component of the strain energy density 
indicates a need for numerical calculations considering 
nonlinear material behavior.  An elastic-plastic finite 
element analysis may support the existence of an elastic 
region in which the crack propagates from the point of 
bifurcation to the free edge.  This hypothesis is pro- 
posed by Sih et al [13] for the formation of shear lips 
in the final stage of the fracturing process. 
An extension of these results to the three-dimensional 
case can also be used to study the development of shear 
lips in a finite thickness plate.  The three stages of the 
fracture process presented in [13] (Figure 14) illustrate 
how this concept is applied.  The area of stable crack 
growth, region I, contains a curved crack front which will 
approach region III, the shear lip zone, at an angle dur- 
ing unstable crack growth, region II.  As the crack front 
becomes more curved (the tunnelling effect observed in 
many specimens), the direction of crack propagation will 
approach the normal to the face of the plate.  In the 
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limit as the perpendicular is reached, the crack condition 
becomes the same as the two-dimensional case of a crack 
approaching a free surface.  The shear lips on the face of 
the plate could therefore be caused by a free surface 
effect just as that on the free edge.  Future work on this 
problem may be helpful in explaining size effects that are 
necessary in translating laboratory results in structural 
applications. 
The influence of crack propagation rate on the strain 
energy field near a free surface may also be important in 
the crack behavior there.  It is known that dynamic ef- 
fects can produce crack bifurcation upon interaction with 
material inhomogeneities , i.e., inclusions, grain bound- 
aries, etc.  The interaction of dynamic influences with 
the phenomenon of a crack approaching a material surface 
is a subject which may be fruitful in future study. 
In conclusion, future studies of crack branching near 
a free surface could include investigations which consider 
the influences of plasticity, three-dimensionality, and 
dynamics on the crack behavior. 
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Shear Lip Region 
FIGURE la:  Top View of Fracture 
Surface Configuration 
FIGURE lb:  View Along Plane of Symmetry of 
Surface Behavior of Fractured Plate 
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FIGURE 2:  Front View of Fractured Plate Configuration 
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(a)  Three Elements on Half-core 
(b)  Four Elements on Half-core 
FIGURE 6:  Grid Patterns and Constraints 
for Specimen Quadrant 
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FIGURE 13:  Fracture Surface of Laboratory Specimen 
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